In 1960, Sierpiński proved that there exist infinitely many odd positive inte- In this article, we address this question when
In this article, we address this question when f (x) = ax r + bx + c ∈ Z[x].
In particular, we show, for various values of a, b, c, d and r, that there exist infinitely many positive integers k such that f (k) · 2 n + d is composite for all integers n ≥ 1. When d = 1 or −1, we refer to such values of k as nonlinear
Introduction
The following concept, originally due to Erdős [6] , is instrumental in establishing all results in this article. Definition 1.1. A covering of the integers is a system of congruences n ≡ z i (mod m i ) such that every integer satisfies at least one of the congruences. A covering is said to be a finite covering if the covering contains only finitely many congruences.
Remark 1.2. Since all coverings in this paper are finite coverings, we omit the word "finite".
Quite often when a covering is used to solve a problem, there is a set of prime numbers associated with the covering. In the situations occurring in this article, for each congruence n ≡ z i (mod m i ) in the covering, there exists a corresponding prime p i , such that 2 m i ≡ 1 (mod p i ), and p j = p i for all j = i. Because of this correspondence, we indicate the covering using a set C of ordered triples (z i , m i , p i ). We abuse the definition of a covering slightly by referring to the set C as a "covering".
In 1960, using a particular covering, Sierpiński [16] published a proof of the fact that there exist infinitely many odd positive integers k such that k · 2 n + 1 is composite for all natural numbers n. Any such value of k is called a Sierpiński number. Since then, several authors [1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13] have investigated generalizations and variations of this result.
We should also mention a paper of Riesel [15] , which actually predates the paper of Sierpiński, in which Riesel proves a similar result for the sequence of integers k · 2 n − 1. We include a proof of Sierpiński's original theorem since it provides an easy introduction to the techniques used in this paper. Theorem 1.3 (Sierpiński [16] ). There exist infinitely many odd positive integers k such that k · 2 n + 1 is composite for all integers n ≥ 1.
Proof. Consider the covering (2, 4, 5) , (4, 8, 17) , (8, 16, 257) , (16, 32, 65537) , (32, 64, 641), (0, 64, 6700417)} .
To illustrate exactly how C is used to prove this result, start with the triple
is divisible by 3 if k ≡ 1 (mod 3). Continuing in this manner gives us the
Therefore, for any integer n ≥ 1 and any such k, we have that at least one prime from the set {3, 5, 17, 257, 641, 65537, 6700417} is a divisor of k · 2 n + 1.
In this article we are concerned with variations of Theorem 1. 
, where 0 ≤ c ≤ 100.
• 
• (Nonlinear Sierpiński Numbers) There exist infinitely many positive integers k such that f (k) · 2 n + 1 is composite for all integers n ≥ 1 when either r ≡ 0 (mod 8) and r ≡ 0 (mod 17449), or when r ≡ z (mod 30) where z ∈ {0, 6, 12, 15, 18, 24}.
• (Nonlinear Riesel Numbers) There exist infinitely many positive inte-
Theorem 1.7.
• Let f (x) = x r + 1. There exists a set S of r-density 8/33, such that for each r ∈ S, there exist infinitely many positive integers k for which f (k) is odd, and both f (k) · 2 n + 1 and f (k) · 2 n − 1 are composite for all integers n ≥ 1.
• Let f (x) = x r +x+1. There exists a set S with r-density approximately
.47, such that for each r ∈ S, there exist infinitely many positive integers k for which f (k) is odd, and both f (k) · 2 n + 1 and f (k) · 2 n − 1 are composite for all integers n ≥ 1.
For each positive integer c ≤ 100 not listed in the Sierpiński part of Theorem 1.4, the r-density is no smaller than 2/3, and for each positive integer c ≤ 100 not listed in the Riesel part, the r-density is no smaller than
.749. Since the r-densities for the Riesel part and Sierpiński part of Theorem 1.4 are similar, we provide in Table 1 
Proofs of the Theorems
We begin with some preliminaries from finite group theory that are useful in establishing some of the main results in this paper.
Lemma 2.1. Let G be a finite abelian group, and suppose that r is a positive integer such that gcd (|G|, r) = 1. Then the map θ r : G −→ G defined by
Proof. Since G is abelian, θ r is clearly a homomorphism. The kernel of θ is
. Since the order of any x ∈ K divides both r and |G|, it follows that K is trivial, which proves the lemma.
The following corollary is immediate from Lemma 2.1.
Corollary 2.2. Let p be a prime, and let (Z p ) * denote the group of units modulo p. For any positive integer r with gcd(r, p − 1) = 1, let θ r be the automorphism of (Z p ) * defined by θ r (x) = x r , and let θ r be the extension of the map θ r to the commutative multiplicative monoid Z p by defining θ r (0) = 0.
If gcd(r, p − 1) = 1, then θ r is a bijection on Z p .
The next corollary extends the previous ideas to generate subsets S of Z p which are fixed under θ r for certain values of r.
Corollary 2.3. Let p be a prime, and suppose that p − 1 = q z m, where q is a prime such that m ≡ 0 (mod q). Let
Then θ q (S) = S. Moreover, each such set S is nonempty since 0 ∈ S.
Proof. The kernel of the homomorphism
The following lemma is used in the proofs of both Theorem 1.5 and Theorem 1.6. 
for all integers n ≥ 1.
Then we use the Chinese remainder theorem to solve the system of congru-
Since C is a covering, we have shown that, for any positive integer n, the term (a · k r + c) · 2 n + d is divisible by at least one prime p i , which completes the proof of the lemma.
Theorem 1.4
We first outline in more generality the procedure used in the proof of
Note that L C is independent of the list of residues in C. Let
be a nonconstant polynomial with integer coefficients, where e is a fixed nonnegative integer. The coefficient on x e is 1 to exclude the possibility that f (x) ≡ 0 (mod p i ) for some i, when r ≤ e. We wish to determine the values of r for which there exist infinitely many positive integers k such that
We use C to examine the behavior of s n modulo each p i , and then piece together the results using the Chinese remainder theorem. We only need to check values of r with 0 ≤ r ≤ L C − 1. We proceed as follows. Let r be a fixed integer with 0 ≤ r ≤ L C − 1. Then, for each i, we calculate the
If so, then we know there exists β i such that
Continuing in this manner, if β i exists for each i, then we can use the Chinese remainder theorem to solve the resulting system of congruences in k. Thus, in this case, we have captured that particular value of r, which contributes a value of 1/L C to the total density. This process can be repeated for every list of residues for which a covering exists. In addition, this process can be or k ≡ 1 (mod 2) to the system of congruences for k will ensure that f (k) is odd.
Proof of Theorem 1.4. Consider the following lists: It is easy to check using a computer that C 2 is indeed a covering. For each (z i , m i , p i ) ∈ C 2 , note that a ≡ 0 (mod p i ). In addition, the union of the sets of odd prime divisors of p i − 1 for all i is precisely {5, 7, 11, 13, 29, 47, 373, 433, 23669, 2998279}.
Invoking Lemma 2.4 completes the proof.
Theorem 1.6
While the hypotheses of Lemma 2.4 are sufficient in addressing a particular value of r, they are not necessary, as we see in Theorem 1.6 where we consider the special case of f (x) = x r + 1.
Proof of Theorem 1.6. We first prove the Sierpiński half of the theorem. Suppose that r is not divisible by either 8 or 17449, and consider the covering The covering C gives rise to the system of congruences
It is clear that k ≡ 1 (mod p i ) is a solution to each of the first six congruences above. To see that the last congruence has a solution, first note that Hence, it follows from the generalization of Euler's criterion for rth power residues [14] that there exists a value k such that k r ≡ −3 (mod 6700417).
Using the Chinese remainder theorem completes the proof for these values of r.
To establish the second part of the Sierpiński half of Theorem 1.6, first consider the covering
, (2, 4, 5), (3, 9, 73), (8, 12, 13) , (0, 18, 19), (24, 36, 37)}.
Since p i − 1 ≡ 0 (mod 2) for each p i in C 1 , we see that θ 2 is not an automorphism of (Z p i ) * . However, for each i, by Corollary 2.3, there exists a nonempty subset S i of Z p i such that
for all positive integers j. That is, for any nonnegative integers j and n, there exists u i ∈ Z p i such that (u
The residues z i in the covering C 1 have been chosen 
Thus, we can use the Chinese remainder theorem to solve the system of seven Here we have that p i − 1 ≡ 0 (mod 3) for some values of i so that θ 3 is not an automorphism of (Z p i ) * for these values of i. However, as was the case for θ 2 above, by Corollary 2.3 there exists a nonempty subset
for all positive integers j. That is, for any nonnegative integers j and n, there exists u i ∈ Z p i such that (u 
Simultaneous Nonlinear Sierpiński and Riesel Numbers
In this section we are concerned with determining a set of r values of positive density for which infinitely many positive integers k exist such that both f (k) · 2 n + 1 and f (k) · 2 n − 1 are composite for all integers n ≥ 1, where
Proof of Theorem 1.7. First let f (x) = x r + 1. We use the following coverings:
C S ={(0, 2, 3), (1, 3, 7) , (8, 9, 73) , (11, 18, 19 The covering C S is used to construct nonlinear Sierpiński numbers, while the covering C R is used to construct nonlinear Riesel Numbers. Since k r ≡ 1 (mod 3) in both cases, and no other prime in C S appears in C R , these two coverings are consistent, and we can construct a single system of congruences in k r so that any solution k will be simultaneously a nonlinear Sierpiński number and a nonlinear Riesel number. Let P = {p i − 1|p i ∈ C S or p i ∈ C R }.
Then, for a fixed value of r < lcm(P), we examine the values of k with 0 ≤ k ≤ p i − 1 for each prime p i . This process produces the conclusion of the theorem in this case. 
This process generates a set of "good" r-values for each prime p. We repeat this procedure for each element (z , m , p ) ∈ R, with the modification that in this case we solve the congruence x = 2 −z − 1 (mod p ), and we get a set of "good" r-values for each prime p . Thus, we have sets
where GS i is a set of "good" Sierpiński r-values, and GR j is a set of "good"
Riesel r-values. The next step is to find the intersection of all these sets.
We start by finding the intersection of GS 1 and GS 2 . Suppose that p is the prime corresponding to the set GS 1 and q is the prime corresponding to the set GS 2 . For each pair (a, b) ∈ GS 1 × GS 2 , if a ≡ b (mod g), where g = gcd(p − 1, q − 1), then we can use the generalized Chinese remainder theorem to find a solution x to the system x ≡ a (mod p − 1) and x ≡ b (mod q − 1), which gives an element in the intersection W = GS 1 ∩ GS 2 .
Next, we find the intersection W ∩ GS 3 . We continue in this manner to determine the set of all values of r captured using this particular pair (S, R).
The union of these sets of r-values for all pairs (S, R) in our collection yields the result of the theorem.
Remark 3.1. The technique of using multiple pairs of consistent coverings in the proof of Theorem 1.7 for the case when f (x) = x r + x + 1 does not seem to improve the r-density in the case when f (x) = x r + 1.
Remark 3.2. The two coverings C S and C R used in the proof of Theorem 1.7 were used by Filaseta, Finch and Kozek [8] to determine the smallest known positive integer that is simultaneously a Sierpiński number and a Riesel number.
Comments and Conclusions
The methods used in this paper differ from both the approach used previously by Chen, and the approach used by Filaseta, Finch and Kozek. In fact, the techniques used by Filaseta, Finch and Kozek to achieve r-density 1 are not applicable in Theorem 1.4, Theorem 1.6 and the majority of cases in Theorem 1.5. We should point out that both the paper of Chen [4] and the paper of Filaseta, Finch and Kozek [8] contain the stronger result that each term in the sequence k r · 2 n + 1 actually has at least two distinct prime divisors.
Unfortunately, their methods used to establish this fact seem inapplicable here as well.
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